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▶ Lattice setup: for a bounded open domain Ω ⊂ Rd , Ωδ := Ω ∩ (δZ)d , δ > 0.
A (real-valued) spin σx ∈ R sits at each x ∈ Ωδ; the reference law is Pref

Ωδ
with

expectation E ref
Ωδ

.

▶ Disorder (random field): i.i.d. (ωx)x∈Ωδ
with E [ωx ] = 0, E [ω2

x ] = 1, and log-mgf

ϕ(λ) := log E
[
eλωx

]
finite for |λ| < λ0.

▶ Random-field perturbation: Gibbs measure

Pω
Ωδ;λ

(dσ) :=
exp

(∑
x∈Ωδ

λωxσx

)
Zω
Ωδ;λ

Pref
Ωδ

(dσ),

with partition function

Zω
Ωδ;λ

:= E ref
Ωδ

exp
∑

x∈Ωδ

λωxσx

 .
▶ Goal (intermediate disorder): choose λ = λδ ↓ 0 so that (after

centering/scaling) Zω
Ωδ;λδ

has a non-trivial continuum limit.



▶ Study the modified (normalized) partition function

Ẑω
Ωδ;λ

:= E ref
Ωδ

exp
∑

x∈Ωδ

(
λωxσx − ϕ(λσx)

) ,
so that E [Ẑω

Ωδ;λ
] = 1. When (ωx)x∈Ωδ

, i.i.d. standard Gaussians, this corresponds

to Wick exponential: eλωxσx 7→: eλωxσx := eλωxσx−λ2σ2
x/2.

▶ Assumptions on Pref
Ωδ

:

(A0) Bounded spins: ∃K > 0 s.t. Pref
Ωδ

(σx ∈ [−K ,K ]) = 1 for all x , δ.
(A1) Limit of correlations: ∃ γ > 0 such that for each k ∈ N,

ψδ(x1, . . . , xk) := 1{xδ
i ̸=xδ

j ∀i ̸=j} δ
−kγ E ref

Ωδ

[
σxδ

1
· · ·σxδ

k

]
−→ ψ0 in L2(Ωk).



(A2) Uniform tail control: for any λ̂ > 0,

lim
M→∞

lim sup
δ↓0

∞∑
k=M+1

λ̂2k

k!
∥ψδ∥2L2(Ωk ) = 0.

(A3) Extra assumption useful to control higher-order terms: for distinct
xδ1 , . . . , x

δ
k ∈ Ωδ and ri ∈ N, letting (ri )2 := ri mod 2 ∈ {0, 1}, there exists C ≥ 1

such that ∣∣∣∣∣E ref
Ωδ

[
k∏

i=1

σ ri
xδi

]∣∣∣∣∣ ≤ C
∑k

i=1(ri−(ri )2)

∣∣∣∣∣E ref
Ωδ

[
k∏

i=1

σ
(ri )2
xδi

]∣∣∣∣∣ .
▶ Intermediate disorder scaling: for γ < d

4 and λ̂ > 0, set λδ := λ̂ δ
d
2
−γ .

▶ Theorem (Li, M., Sun) As δ ↓ 0, in distribution,

Ẑω
Ωδ;λδ

⇒ ZW
Ω,λ̂

:= 1 +
∞∑
k=1

λ̂k

k!

∫
Ωk

ψ0(x1, . . . , xk) dW (x1) · · · dW (xk),

where W is white noise on Rd , and the series converges in L2.
▶ What can we learn?A way to study the scaling limits beyond the previously

studied binary spins models.


