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This material represents a continuation of the ideas that were developed
during the semester on the Seminar " Topology from the differentiable view-
point” organized at ETH Ziirich by Felix Hensel. The text contains a brief
introduction to differential forms in Euclidean space and in the context of
manifolds, along with their basic properties. The second part of the ma-
terial contains two main results regarding integration on manifolds: Stokes
Theorem and the Degree Theorem.

We will start by introducing the differential forms and to study their basic
properties. The first concept is the definition of an alternating k-form. Keep
in mind that a familiar example of alternating k-form is the determinant of
a matrix. In general:

Definition 1. Let Sy be the permutation group on k elements, i.e. the group
of all bijective maps o : {1,2,...,k} — {1,2,...,k}.Let (o) be the signature
of the permutation o. An alternating k-form on a vector space V is a multi-
linear map w: V xV x ... xV — R satisfying:

TV
k times

W(Vs(1)s - - - Vo(r)) = €(0)w(v1, ..., vk), V vy,...,v, € V.V 0 €8
The vector space of all alternating k-forms on V will be denoted by:
AV = {w: VF = R|w is an alternating k-form}.

Moreover, we can construct new alternating forms using previous ones:

1



Definition 2. Let k, | € N. We define the set of all (k,l) — shuffles Sk,
i.e. Sk1 C Skq1 15 the set of all permutations that leave the order of the first
k elements and of the last | elements unchanged:

Siy={0 € Spylo(l) <o(2) <o(3)... <o(k), o(k+1) <o(k+2) <... <oa(k+I)}.

Definition 3. The exterior product of two alternating forms w € A*V* and
T € N*V* is the k 4+ 1 form w AT € AFDV* defined by:

(WAT) (V1 .y V) = Z €(0)wW(Va(1)s - - > Vo)) T (Vo (ks1)s - - - » Vo(ktt))s ¥ Vtyenns Uy € V.
0€Sk,1

Another procedure of constructing new alternating forms is using a linear
map between two vector spaces :

Definition 4. Let ¢ : V. — W be a linear map. The pull-back of an alter-
nating k-form w € A*W* is the alternating k-form ¢*w on 'V defined by:

(o*w)(v1, ..., ) = w(P(vr),...,0(vr)), Y v,...,v0, €V

Remark 1. We will use in the proof of the main results of the material the
following identity that represents in fact the generalization of the change of
variables rule in one-dimensional calculus. In the differential forms language
the identity can be written as follows :

If ¢ : V. — V is an automorphism and w € N™V*, where m=dim(V ),
then we have that ¢*w = det(p)w.

In the study of Differential Topology on manifolds we will define a special
family of alternating k-forms for which the domain of the definition is not a
general vector space but the tangent space at a given point on a manifold.

Definition 5. A differential k-form on M is a collection of alternating k-
forms (observe the index p € M, so for each point on the manifold you can
define one) wy, € T,M x T,M ... x T,M — R such that V k-tuple X1, ..., X}
of vector fields the function p — w,(X1(p),..., Xk(p)) is smooth.

A differential k-form w is said to have compact support if the set:

supp(w) = {p € Moy £ 0}



(called support of w) is compact. We consider Q¥(M) to be the set of all
k-forms on M and QF(M) the set of all k-forms with compact support. The
concept of exterior product and pull-back can be defined in the context of
smooth manifolds exactly like they were defined before. Due to the fact
that the definition is dependent on the point the pointwise exterior product
defines a bilinear map: QF(M) x QY(M) — QFF(M)

(W, 2) » WAz
such that for p € M we have (w A z), 1= wy A 2.

In addition, given a smooth map between manifolds f : M — N and a
k-form w on N we can define the pullback f*w under f as the differential
k-form on M via:

(ffw)p(vr, ... vk) == wip (df (P)vr, ..., df (D)vk), Vp€ M, vy, ... v, € T,M.

Another important tool in the study of differential forms is called the
exterior differential. Applying the exterior differential operator on a k-form
we obtain a k41 form. The definition of such an operation is formulated
in Euclidean space but we will define it directly for differential forms on
manifolds (for the general definition consult [3]).

Definition 6. Let M be a m-dimensional manifold. We call {U;, ¢;}ier an
atlas of M if it has the following properties:
i€l
2)Each map ¢; : U; — ¢;(U;) is a homeomorphism onto an open set of
R™ such that the transition maps:

Gji 1 pj o0 bt di(Us N U;) — ¢5(U; N U;)

are smooth.

Definition 7. Let w € Q¥(M). The exterior differential of w is the (k + 1)
form dw € Q¥Y(M) defined by:

k+1

dw(x; &1y ooy §pr1) = Z(_l)j_I%

J=1

w(x+t§]7§17 o afj)‘ . . 7§k+1)
t=0

forx € U and &,&, ..., &1 € R™. The hat indicates that the j™ term is
deleted.
Moreover, we call the differential form w:
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1)closed if dw = 0.

2)exact if In € Q¥ (M) such that dn = w.

Definition 8. Let M be an m-dimensional manifold with an atlas (U;, ¢;)icr
and w € QF(M) a differential k-form on M. Using the coordinate map we set:

w; € Q% ((U) s.t. wlp, = ¢; (w;) Viel.

The exterior differential of w is the unique differential (k+1) form dw €
QFY(M) that satisfies:

dw

U; :¢Zdwi, Vi e I.

Remark 2. The most important properties that we are going to use in the
proofs of the theorems are:
1)Pull-back and the exterior product commute i.e.:

ff(wAz)=ffwnfz, Yf:M—=N smooth, VzwecQFN).
2)Pull-back and the exterior derivative commute i.e.:
frdop =d(f*¢), Vf:M — N smooth, Vo€ QF(M).

In the study of integration on manifolds we need several tools. Firstly, we
will need a precise definition about what integration on manifolds represents
and after that we will try to deduce important results using the properties
discussed in the beginning of the material. Before we start, we have to be
careful about the definition of the atlas in this material. In this material U;
will be subsets of the manifold that are homeomorphic with open sets of the
upper half space H™ := {(z!, 2%, 23,... ™) € R™[2™ > 0}.

Let M be an oriented m- manifold M (with or without boundary, compact
or non-compact) and {U;, ¢; }ier a (w.l.o.g.) positively oriented atlas of M
(i.e. the transition maps ¢;; := ¢; o (b;l c (Ui NU;) — ¢;(U; N U;) are
smooth and det(dg;;(z)) > 0 Vi,j € I). We can choose a partition of unity
pi : M — [0,1], i € I subordinate to the open cover given by the atlas. Note
that the partition of unity exists also if the manifold is not oriented. In this
setting we can define rigorously the integration on a manifold:

Definition 9. Let w be a differential m-form on the manifold M with com-
pact support (i.e. w € QM(M)) and w; € Q™(4:(Us)), g = ¢:(U;) — R smooth,
such that w|y, = ¢;w;, where:

w; =: gi(z)dx' ANdx® Adx® ... Ada™, Vi€ I
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The integral of w over M is the real number:

[ e=3 /¢ o, PO @@

The first remark that one should make is that the sum defined on the right
hand side is finite due to the fact that the partition of unity that we have
chosen it is subordinate to the cover given by the atlas. Since w is compactly
supported, there are only finitely many ¢ € I such that g; is non-vanishing.

It the following we will prove that the integration procedure is well de-
fined, i.e. the result of the integration does not depend on the way we choose
the atlas and the subordinate partition of unity.

Lemma 1. Let (Ui, ¢;)icr and (V},1;)jes two independent oriented atlases
of M, and {p;}icr and {0;};c;s the partitions of unity subordinate to the two
coverings of M. Then the integral of w over M is independent of the two
oritented atlases.

Proof. For the first atlas we keep the notations like in the brief description
before the lemma.

In the second atlas following the definitions above we define: w; € Q™ (¢;(V;))
by w; =: hj(z)dzt Adz® ANda® ... N dx™ V) € J, where wly, = 9w, and
hj: ¢;(V;) = R.

From remark 1 it follows that:

gi(x) = hy(3h; 0 ¢ (w))det(d(3p; 0 ¢; ') (x)), Yz € g:(Ui NTj).

Due to the fact that both atlases are positively oriented then the value
det(d(1; o ¢;')(z)) > 0. Using the fact that {p;}ic; and {t;};cs are two
partitions of unity and change of the variable formula in integration we ob-
tain that:

fM W= fm(Ui)(Pi o ¢; )gidxtdz? ... dx™

i€l

- ZI :]ffm(Umvj)(pi o ¢i_1)(9j © ¢;1)9id$1dw2 c.dx™
iel je

- Z] Z]fa/;j(UmVj)(pi © wj_l)(ej © ¢j_1)hjdy1dy2 Coody™
iel je

- ij%(‘/j)(ej °© @b;l)hidyldyQ Cody™.
Jje '
0

Remark 3. If the two atlases from the previous lemma were reverse oriented
then the proof will be the same except that the result will have the opposite



sign. More generally, if f : M — N is a diffeomorphism between oriented
m-manifolds then [, (f*w) =+ [yw, Yw € QU(N), if f is orientation pre-
serving and [,,(f*w) = — [yw, Yw € QI(N), if f is orientation reversing.

One important result in the integration over manifolds is the Theorem
of Stokes that will be presented in the following. The proof is composed of
three steps and it uses Fubini’s theorem for multiple integration.

Theorem 1. Let M be an oriented m-manifold with boundary and let w €
Qm=1(M). We have the following equality:

/dw:/ w.
M oM

Proof. Step 1)First, we will prove the result for M =H™. The boundary of
this domain is exactly the set of points (z!, 22, ... ™) € R™ that satisfy
2™ = 0. This set is clearly diffeomorphic to R™~!. Consider g; : H™ — R
smooth functions with compact support in the upper half space. We take
the differential (m — 1) form:

w:Zgi(x)d:cl/\da:Q/\dx:s...,/\g:;i... Adx™,
i=1

where the ”hat” means that the corresponding term is deleted in the "
summand. Using the definition of the exterior derivative we obtain that :

dw = Z gizdxl Adzt ... Ada™.
i=1

Using the commutativity relation for the wedge product we obtain that:

dw = 1) =2 det Ada? . A da™.
w ;( ) oz, x x x
Due to the fact that g; has compact support Vi € [ choose R > 0
large enough such that the support of each g; is contained in the "box”
[—R,R]™! x [0, R]. From Fubini’s theorem and the remark that the value

of the differential form on the boundary is given by:
Wlomm = gm(zt, 2%, ... 2™ 0)datda? .. da™

It follows:



/ dw:zm:(—l)i_l/R/R... agl(le... xm)dxl...dxm
Hm i=1 0 J=R R O o

" 0gum,
/ / il (22, ..., 2™ 2™ da™det . da™
0 8mm

—1)m/ / Gm(xt, . 2™ 0)dat L da™
-R ~R
:/ w

SHm

The last but one equality is a consequence of the Fundamental Theorem of
Calculus. To make it more precise, only the last term remains in the equality
when Fubini’s theorem is used because all the integrals up to order m are
vanishing. The reason for that is the Fundamental Theorem of Calculus.
Moreover, because the outward pointing unit normal at the boundary of H™
isn =(0,0,0,...,—1) it follows that the orientation of H™ is (—1)™ times
the orientation of the standard R™ 1.

Step 2: We will prove the same result with the condition that the (m —1)
differential form has its compact support contained in a coordinate chart.

Let’s consider ¢; : U; — ¢;(U;) C H™ a coordinate chart for the manifold
M and w € Q™Y M) with supp(w) C U;.

We can define w; € Q™ (¢;(U;)) v, = ¢iw;. Using this procedure
we can extend w; to all of H™ by setting it to be zero on the complement of
¢;(U;) in H™. On the boundary we have that ¢;(U; N OM) = ¢;(U;) N OH™.
Using Step 1 we obtain that:




[ oo [
M U;
:/ ¢:dwi
U;
—/ dwi
@i (Uy)
¢:(U;)NOH™
~[ s
U;NOM
_ / w.
oM

The sequence of equalities it is motivated, in this order, by the the prop-
erties that we studied for the pull-back of the differential forms, change of
variable formula, the formula that we derived in Step I, and using again the
change of the variable formula.

Step 3): We are going to prove the theorem in its general form. For this,
choose an atlas (U;, ¢;);e; and a partition of unity p; : M — [0, 1] subordinate
to this atlas. By Step 2 the following sequence of equalities holds:

I =3 | o)
:Zi:/wpiw

[
oM

The last step proves the result in its generality. O

The theorem of Stokes has many applications to problems that arise from
Physics. Under certain conditions, it relates the value of a surface integral of
a function with the one computed on the boundary for another function. The
result has a lot of applications in many problems both abstract and concrete
like: measuring the heat flux of a given heat source on a given surface (for
example, that heat source can be a star) or measuring the water pressure on
the boundary of a cylindrical tube.

We apply the Theorem of Stokes in the following examples:



Example 1. 1)Stokes theorem in the 2 dimensional Euclidean space has
the following form: Consider f,g : R? — R two smooth functions and the
following differential form: w = fdx + gdy € QY(R?). Consider a domain
U € R? with boundary OU given by a positively oriented, piece-wise smooth,
simple closed curve. Then using the properties that we presented in the first
part of the material we deduce that dw = (0g/0x — Jf0y)dx A dy. Finally,
using Stokes Theorem we deduce the following equality:

/U(ﬁg/ﬁx—ﬁf/ay)dx/\dy:/ (fdz + gdy).

ou

2)If M is an oriented m-manifold without boundary and e € QT~*(M) is
a compactly supported (m — 1) form it follows from Stokes theorem that:

/de:().
M

Example 1.2) is the starting point in the study of the next result: The
Degree Theorem. First, we will study a result about integration and exact-
ness. If M is a connected manifold there is a result conversely to the one in
Example 1.2) given by the following theorem:

Theorem 2. Given M a connected oriented m-dimensional manifold without
boundary and w € QI'(M) then the integral over M of w vanishes if and only
if there is an (m — 1) form 7 on M with compact support such that dr = w.

Note: The proof will use a corollary of Cartan’s Theorem that is not going
to be proven in this material. For a complete proof of the result consult [3].
Before introducing the theorem of Cartan we will introduce the necessary
concepts:

Let M and N be two smooth manifolds, I C R be an interval and

I'xM— N:(t,p) — du(p)
be a smooth map. For ¢t € [ we define the operator
he : QF(N) — QF1(M)
by
(haw)p(V1, V2, ..., Up—1) = W, (P)(Or e (D), dpe(p)v1, . . ., dpe(p)vk—1), Vp € M,v; € T,M.

Cartan’s Theorem states the following:



Theorem 3. For every differential k form w € QF(N) with the notations as
before we have that:

In the proof of Theorem 2 we will use the following corollary of Cartan’s
theorem :

Corollary 1. Given M and N two oriented manifolds without boundary and

¢r : M — N with t € [0,1] be a proper smooth homotopy (i.e. a map

that reverts compact subsets of the codomain into compact subsets of the

domain and in addition is a smooth homotopy) so that: given K C N compact

= J¢; ' (K) C M is compact. For every w € QF(N) closed k-form there
t

exists a (k — 1) form 7 € QF(N) with the following property:

dr = pjw — Pyw.

The proof of the corollary is just a simple application of Cartan’s Theo-
rem:

Proof. Taking the operator h; : QF(M) — Q*~1(M) defined before we obtain:

1
d
o= o = | Gl

1

:/ d(hyw)dt
0

=dr.

In the last equation we took 7 := fol hywdt. O
We are now ready to prove Theorem 2 :

Proof. <= This part of the theorem is a direct consequence of Stokes’s theo-
rem.

= This proof is going to be done in two steps:

Step 1) Let f : R™ — R whose support is contained in the cube (a,b)™.
Then there are smooth functions v; : R™ — R, Vi = 1,2,...m such that

f=> %. Given the properties of the exterior derivative we have that the
=1

differential m form can be expressed as:

fdr' Nda® Nda? ... A da™ = d(Z(—l)ifluidaf;l Adz?...dx A dx™).

i=1



This can be proven using the existance of the so called bump function.
Their existance guarantees that we can use a smooth function with p: R —
[0, 1] which satisfies:

() = 0,fort<a+e
Pt = 1,fort>b—e.

Define f; : R™ — R by fo=0and f,, = f. Foralli=1,2,...,m —1 we
will conveniently define the following smooth functions with compact support
in (a,b)™(this will follow directly from the definition of p and f;):

b b
fi:/ / flot, 2?0 W wm™)p() L pae™)dw T L dw™,

Considering the previous definition we will our function u; such that their par-
tial derivatives sum up to f: u; 1= faxl(fi—fi,l)(:cl, Tl wt o ™) dw.

From the definition of f; and f;_; we have that u; is compactly supported.
In addition, from the Fundamental Theorem of Calculus we obtain the desired
equality: gz;ﬁ = fi— fi1.

Step 2)In the second step we will prove the = implication. Fix a point
po € M and take an open neighborhood Uy C M containing py. We can con-
sider an orientation preserving coordinate chart such that ¢o(Up) = (0,1)™
the m-dimensional open cube in R™. Now, the condition that M is connected
and has no boundary becomes essential because for every p € M we can con-
struct a diffeomorphism ¢, : M — M such that ¢,(py) = p and in addition
1, is isotopic with the identity. Varying p € M we obtain an open cover
of the manifold(namely the open sets of the cover are U, := 9,(Up). Next,
we choose a partition of unity {p,},en subordinate to this special cover. In
the hypothesis we assumed that the support of w is compact so there are
only finitely many points p € M such that p, # 0 on supp(w) which will be
denoted by p1,p2,...,pn. We will abbreviate for simplicity in the following

way: U; := Up,;; pi = pp;; Vi = ¥y,,. It is clear that, supp(p;) C U; and

Y Pilsupp(w) = 1. Using the fact that the partition of unity is suboridinated
i=1

to this particular cover we have that supp(p;w) C U;. Using the definition
of the pull-back it follows that supp(¢;(piw)) C Uy. Now we can use the
fact that v; is homotopic to the identity (so it respects the conditions of
the Corollary of Cartan’s Theorem) and ¢;w has compact support to obtain
that exists a compactly supported (m — 1) form 7, € Q™ (M) such that
dr; = i (piw) — ¥ (piw). Using the fact that the map is homotopic to the
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identity (so 1§ is equal to the identity) we obtain that:

/ gwmm -/ Z<d § pw)

Using the fact that 7; is compactly supported and Stokes Theorem together
with OM = 0 we obtain that:

/Mizldn—i-piw:/M;piw:/Mw:O.

Now, we will use our coordinate Chart to evaluate our integral in R™.
Using the fact that ¢} (p;w) (and also Z V¥ (piw))has its support in ¢, (U;) =
Up and that ¢o(Uy) = (0,1)™ we can take the pushforward of the sum using
the chart ¢y denoted by (o).« le/zz (piw) (i.e. the sum of the corresponding

elements in M via ¢g) and we obtain that:

/Rnwo)*iﬁ(mw):/Miiﬁ(mw):o.

The previous equality is obtained using the fact that our functions can be
smoothly extended by setting it equal to 0 on R™ \ (0, 1)™.

Using Step 1 there is an (m — 1) form 7, € Q7 !1(R™) with support in
(0,1)™ such that:

dro = (¢0)« Y _ U5 (piw).
=1

It follows that ¢*1y € Q™1 (Uy) has compact support in Uy and therefore
extends to all of M by setting it to be equal to zero on M \ Uy. This exten-

sion satisfies dojyry = Z ¥ (psw) and because of that we have the following

sequence of equahtles

n

w—Zw piw Zw;‘(m ) — pzw)—d%To—Zdn—d%To > 7).
=1

=1
The previous equality shows the existence of the desired differential form,
n
namely 7 := ¢i70 — > 7.

=1

[]
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The last result of this material is the Degree Theorem that relates the
value of the integral of a differential form and the integral of its pull-back
with an arbitrary smooth map between two compact, oriented manifolds
without boundary of the same dimension. The theorem holds if given an
arbitrary smooth map f : M — N we require N to be connected. Firstly,
we have to define the degree of a map using the following result:

Lemma 2. Let f : M — N be a smooth map between two m-dimensional

compact manifolds without boundary. If ¢ € N is a reqular value of f then
f~Y(q) is finite in M.

Proof. The set f~1(q) is a closed set in M due to the fact that is the preimage
of the closed set {¢} € N. Due to the fact that any closed subset of a compact
topological space is compact it follows that f~!(q) is compact. Using the
fact that ¢ is a regular value it follows that the differential of f is surjective
between two tangent spaces of the same dimension we obtain that f is a local
diffeomorphism. Using the inverse function theorem we obtain that f~!(y) is
discrete. Due to the fact that a discrete and compact set is finite we obtain

the conclusion.
O]

Now, we can denote the elements of f~1(q) by {p1,p2,...,pn}. We con-
sider ¢, = +1 according to the orientation preserving or reversing of the
differential df (p;) : T,,M — T,N (i.e. ¢ = sign(det(df(p;))). Now, we will
define the degree of f to be:

deg(f) == Z €.

The following result is the Degree Theorem :

Theorem 4. Let M and N be compact oriented smooth m-manifolds without
boundary and in addition N is connected. It follows that for every smooth
map f: M — N and every w € Q™(N) we have:

/Mf*wzdeg(f)/Nw-

Proof. Let us consider a regular value ¢ € N of f. We consider the following:

FU@) = {propss o pa} € = sign(det(df (), deg(f) = 2 e

=1
There are open neighborhoods V' C N of ¢ and U; C M of p; for i =
1,2,...,n such that:
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i) f restricts to a diffeomorphism from U; — V' Vi; and it is orientation
preserving when ¢; = +1 and orientation reversing when ¢; = —1.

i1)The sets U; are pairwise disjoint.

i) fH(V)=U,U... UU,.

Since df (p;) @ Tp,M — T,N is a vector space isomorphism it follows
from the Inverse Function Theorem that there exists V;, i € {1,2,...,n},
connected open neighborhoods of ¢ such that f|U; : U; — V; is a diffeomor-
phism. We can actually choose U; to be pairwise disjoint and we have that
fV)y=U0,UU,... UU,.

We define:

V=vinVuonVs...nNV,\ f(M\U,UU;... UU,).

It follows that U; D U; N f~1(V). Considering w € Q™(N) with compact
support in V' we obtain:

Aﬁ”:gfﬁngﬁﬁwwMﬁAw

The equations follow from the choice of the sets U;. We have to assure an
universal result (i.e. given another differential m-form w’ with supp(w’) C V
and [, w = [, w’ we will obtain the same equality). This will follow from the
fact that w’ is compactly supported and the basic properties of the pull-back
with respect to the exterior derivative:

We have that [, (w —w’) = 0 and using the previous theorem we have
that there exists 7 € Q"1 (N) such that dr = w — w’. Tt follows:

AﬂwaAfW+M>
= [ pos [ par
= [ ro [ ag
=d€g(f)/NW’
=deg(f)/Nw-

The fact that w’ is compactly supported in V proves the last but one
equality and gives the final argument of the proof.
m
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